It is shown that the embeddability of a nite 4-nilpotent semigroup into a 0-simple nite semigroup with maximal groups from a pseudovariety V is decidable if and only if the universal theory of the class V is decidable. We show that it is impossible to replace 4 by 3 in this statement. We also show that if the membership in V is decidable then the membership in the pseudovariety generated by the class of all nite 0-simple semigroups with subgroups from V is decidable while the membership in the quasi-variety generated by this class of 0-simple semigroups may be undecidable.
Introduction
One of the most important classes of semigroups is the class of 0-simple nite semigroups. Recall that a semigroup is called 0-simple if it does not have ideals except itself and possibly f0g. Every nite semigroup may be obtained from 0-simple semigroups by a sequence of ideal extensions. The classic theorem of Sushkevich 3] (which was arguably the rst theorem in the algebraic theory of semigroups) shows that nite 0-simple semigroups have the following structure. Let G be a group, let L and R be two sets and let P = (p r`) be an jRj jLj-matrix over the group G with 0 adjoined such that every row and every column of P contains a non-zero element. Let M 0 (G; L; R; P) be the set (L G R) f0g with the following binary operation: (`; g; r)(`0; g 0 ; r 0 ) = ( (`; gp r`0 g 0 ; r 0 ) if p r`0 6 = 0; 0 if p r`0 = 0:
Then M 0 (G; L; R; P) is a 0-simple semigroup, and every nite 0-simple semigroup is isomorphic to M 0 (G; L; R; P) for some G; L; R; P (necessarily nite). Not every in nite 0-simple semigroup can be described in this way. By the theorem of Rees-Sushkevich a (not necessarily nite) semigroup is isomorphic to a semigroup of the form M 0 (G; L; R; P) if and only if it is 0-simple and has a minimal non-zero idempotent. Such semigroups also play a very important role in semigroup theory; they are called completely 0-simple.
Notice that the semigroup M 0 (G; L; R; P) is nite if and only if G, L and R are nite. For ease of identi cation let us call M 0 (G; L; R; P) the jRj jLj completely 0-simple semigroup over the group G with sandwich matrix P: If L = R and P is the identity matrix then M 0 (G; L; R; P) is called the jLj jLj Brandt semigroup over the group G. It is denoted by B L (G). Brandt semigroups are precisely the completely 0-simple inverse semigroups. As one can see the structure of nite 0-simple semigroups and nite 0-simple inverse semigroups is extremely clear. This is why the class of nite 0-simple semigroups is considered to be one of the most transparent classes of semigroups.
If jLj = m; jRj = n we shall write M 0 (G; m; n; P) and B m (G) instead of M 0 (G; L; R; P) and B L (G).
Thus the following results of Kublanovsky were very unexpected.
Theorem 1.1 (Kublanovsky, 1994) . The set of all subsemigroups of ( nite) completely 0-simple semigroups is not recursive. The set of subsemigroups of direct products of ( nite) completely 0-simple semigroups is also not recursive.
Kublanovsky uses the unsolvability of the uniform word problem for nite groups (Slobodskoii 14] ). Recall that if K is a class of universal algebras of some type then the uniform word problem for this class asks whether there exists an algorithm which, given a system of relations u i = v i ; i = 1; 2; :::; n and a relation u = v, where all u i ; v i ; u; v are words over some alphabet X, decides if u is equal to v in every X?generated algebra from K in which all relations u i = v i hold.
A class of universal algebras is called a pseudovariety if it is closed under taking subsemigroups, homomorphic images and nite direct products.
There exists an important connection between the uniform word problem in a pseudovariety and nite partial algebras. This connection was found by Evans (see 5] or 10;
Connection 2.2]). Recall that a partial universal algebra is a set with partial operations.
If A is a partial universal algebra, B is a universal algebra of the same type, A B and every operation of A is a restriction of the corresponding operation of B then we say that the partial algebra A is embedded in the algebra B.
Theorem 1.2 (Evans, 5] ). Let V be a pseudovariety of universal algebras. The uniform word problem is solvable in V if and only if the set of nite partial algebras embeddable in algebras from V is recursive.
Using the ideas of the proof of Theorem 1.1 we prove here the following result which is stronger than Theorem 1.1.
Recall that a semigroup S with a zero element is called n-nilpotent if the product of any n elements of S is equal to zero. Theorem 1.3 For every pseudovariety of groups V and for any natural numbers n; m the following conditions are equivalent.
1. The uniform word problem in V is solvable.
2. The set of nite subsemigroups of completely 0-simple semigroups over groups in V is recursive.
3. The set of nite subsemigroups of Brandt semigroups over groups in V is recursive.
4. The set of nite 4-nilpotent subsemigroups of nite completely 0-simple semigroups over groups in V is recursive.
5. The set of nite 3-nilpotent subsemigroups of nite Brandt semigroups over groups in V is recursive.
6. The set of nite 4-nilpotent subsemigroups of direct products of nite completely 0-simple semigroups over groups in V is recursive.
7. The set of nite 3-nilpotent subsemigroups of direct products of nite Brandt semigroups over groups in V is recursive. 12. The set of nite 4-nilpotent subsemigroups of direct products of m n completely 0-simple semigroups over groups in V is recursive provided m 4; n 4.
13. The set of nite 3-nilpotent subsemigroups of direct products of m m Brandt semigroups over groups in V is recursive provided n 3.
A substantial amount of information is known about pseudovarieties of groups with undecidable uniform word problem (see 10] ). The undecidability of the uniform word problem in the class of all groups was proved by Novikov 12] . The undecidability of the uniform word problem in the class of nite groups has been proved by Slobodskoii 14] . The following results of Kharlampovich imply that many other pseudovarieties of groups also have undecidable uniform word problem.
Let G be the class of all nite groups. Let N be the class of all nilpotent groups, N k be the class of all nilpotent groups of step k, let N 2 A be the class of all extensions of groups from N 2 by Abelian groups and let ZN 2 A be the class of all groups G such that the factor of G over its centre belongs to N 2 A. Let X be an arbitrary variety of groups such that ZN 2 A X. Theorem 1.4 (Kharlampovich, 8] , 9]). The uniform word problem is undecidable for the following classes of groups: G; N; G \ N; G \ X; N \ X; N \ X \ G:
Thus if one takes V in Theorem 1.3 to be one of the classes, the sets of nite semigroups mentioned in this theorem are not recursive; in other words, the membership of the sets is undecidable.
On the other hand the universal word problem is solvable, for example, in any variety of groups where every nitely generated group is residually nite and also in the set of nite groups from this variety (see 10] ). In particular, this problem is solvable in the variety N k and in the pseudovariety G \N k . It is also solvable in the pseudovariety of all nite groups of any xed exponent (this is a corollary of the Theorem of Zelmanov giving a positive solution of the Restricted Burnside Problem, see 10]). Thus, in particular, the set of all nite subsemigroups of nite completely 0-simple semigroups over groups in G \ N k is recursive for any xed k 1. Theorem 1.3 will be proved in the next section. This theorem together with Theorem 1.4 imply that the set of nite 4-nilpotent subsemigroups of nite 0-simple semigroups is undecidable. We will prove that embeddability of ( nite) 3-nilpotent semigroups in ( nite) completely 0-simple semigroups is decidable. Theorems 1.3 and 1.4 show that the set of subsemigroups of nite direct products of nite 0-simple semigroups is undecidable. It turns out that if we close this set under homomorphic images then we obtain a decidable collection of nite semigroups. This collection is closed under subsemigroups, nite direct products and homomorphisms so it is a pseudovariety of nite semigroups 4] generated by the set of all nite 0-simple semigroups. Let V be a pseudovariety of groups. De ne CS 0 (V) and B (V) to be the pseudovarieties generated respectively by nite 0-simple semigroups over groups from V and nite Brandt semigroups over groups from V. In the nal section the following theorem will be proved. A set A with a partial binary operation on it and a distinguished element 1 such that 1 a = a 1 = a for all a 2 A will be called a partial group.
Let us take a pseudovariety of groups V in which the uniform word problem is unsolvable. We have to prove that each of the sets of nite semigroups listed in conditions 2 { 13 of Theorem 1.3 is not recursive. This will be done in a series of reductions. We shall prove even more.
Proposition 2.1 Let V be a pseudovariety of groups in which the uniform word problem is not solvable.
(a) Every set of nite semigroups which contains the set of nite subsemigroups of 3 3 Brandt semigroups over groups from V and is contained in the set of nite subsemigroups of direct products of arbitrary completely 0-simple semigroups over groups from V is not recursive. It is clear that for every k there are only nitely many extensions of rank k of any nite partial group A and all of them may be e ectively listed.
It is also clear that for any natural number k a partial group A is embeddable in a group G if and only if some extension of A of rank k is embeddable in G.
Let E n = (e r`) be the identity n n matrix, let C be any partial group and let B n (C) be the set n C n (where n stands for the set f1; Proof. It is enough to compare the de nitions of B n (G) and B n (C).
Now let A be a nite symmetric partial group, let A 0 be extension of A of rank 2 and let A 00 be any extension of A of rank 3. Let us de ne the following three sets S 1 B 3 (A 0 ); S 2 B 3 (A 0 ); S 3 B 4 (A 00 ).
It is easy to check that each of these sets is a subsemigroup of B 3 (A 0 ) or B 4 (A 00 ) respectively, that is the operation is everywhere de ned and associative on each of these sets.
Notice that the semigroup S 2 is 3-nilpotent and the semigroup S 3 is 4-nilpotent. The semigroup S 1 is an extension of S 2 and S 1 nS 2 consists of three idempotents (1; 1; 1); (2; 1; 2) and (3; 1; 3) which we shall call e 1 , e 2 and e 3 respectively. It is easy to check that e 1 is a left unit for f1g A f2g and for f1g A 0 f3g, e 2 is a left unit for f2g A f3g and a right unit for f1g A f2g and e 3 is a right unit for f2g A f3g and f1g A 0 f3g. Lemma 2.3 (a) If S 1 is a subsemigroup of a direct product of completely 0-simple semigroups over groups G i ; i 2 I then A is embeddable in the direct product Proof. (a) Let be a homomorphism from S 1 into a completely 0-simple semigroup M = M 0 (G; L; R; P). Then (e i ) is idempotent for i = 1; 2; 3. Suppose (f1g A 0 f3g) 6 = f0g. Then (e i ) 6 = 0. Indeed, if (e 1 ) = 0 then (f1g A 0 f3g) = f0g because e 1 is a left unit for f1g A 0 f3g. If (e 3 ) = 0 then (f1g A 0 f3g) = f0g because e 3 is a right unit for f1g A 0 f3g. If (e 2 ) = 0 then (f1g A f2g) = f0g = (f2g A f3g) because e 2 is a right unit for f1g A f2g and a left unit for f2g A f3g. Therefore (f1g A 0 f3g) = (f1g A f2g) (f2g A f3g) = 0.
Let (e i ) = (`i; g i ; r i Notice that since e 2 e 2 = e 2 6 = 0, p r 2`2 6 = 0. It is known (see 3]) that if we multiply all entries of a row (a column) of the matrix P by any element x 2 G from the left (right) and obtain a new matrix P 0 then the semigroups M 0 (G; L; R; P) and M 0 (G; L; R; P 0 ) are isomorphic. Thus we can assume that the entry p r 2`2 of the matrix P is equal to 1. for every a 2 A; b 2 A 0 . Hence the functions f; g; h are everywhere de ned.
For every a; b 2 A we have
On the other hand since is a homomorphism we must have (`1; f(a); r 2 )(`2; g(b); r 3 ) = (`1; h(ab); r 3 ):
Notice that here we used the fact that ab is de ned in A 0 . Therefore for every a; b in A we have f(a)g(b) = h(ab):
>From this we can deduce that f(1)g(a) = h(a) = f(a)g (1) Hence A is embeddable in a direct product of groups from V. Since A is nite, we can suppose that this direct product has nitely many factors. Since V is closed under taking nite direct products, A is embeddable in a group of V.
(b) Let be a homomorphism from S 2 into a Brandt semigroup B n (G) such that (1; z; 3) 6 = 0 for some z 2 A. The same argument as above shows that (1; b; 3) 6 = 0 for every b 2 A 0 (when we proved this fact in part (a), we did not use elements e 1 ; e 2 and e 3 ). This implies that (1; a; 2) 6 = 0, (2; a; 3) for some functions`1;`2 : A ! L;`3 : A 0 ! L, r 1 ; r 2 : A ! R; r 3 : A 0 ! R, f; g : A ! G; h : A 0 ! G.
Since is a homomorphism and since every entry of the matrix of a Brandt semigroup is either 0 or 1, we have f(a)g(b) = h(ab) for every a; b 2 A such that ab 2 A 0 . Notice also that since 1 a = a = a 1 for every a 2 A we have:
(`3(a); h(a); r 3 (a)) = (`1(a); f(a); r 1 (a))(`2(1); g(1); r 2 (1)) = (`1(1); f(1); r 1 (1))(`2(a); g(a); r 2 (a)):
Therefore r 3 (a) = r 2 (a) = r 2 (1) and`3(a) =`1 (a) =`1(1) for every a 2 A. Next suppose b 2 A 0 nA; so b = xy for some x; y 2 A. Hence (`3 (b) ; h (b) ; r 3 (b)) = (`1 (x) ; f (x) ; r 1 (x)) (`2 (y) ; g (y) ; r 2 (y)) and we have r 3 (b) = r 2 (1) ;`3 (b) =`1 (1) : Now we can complete the proof in the same way as in part (a). (c) Let be a homomorphism from S 3 into M 0 (G; L; R; P) such that (1; z; 4) 
(2) As we mentioned above, we can multiply each column of the matrix P by an element of G without changing the completely 0-simple semigroup (the resulting semigroup will be isomorphic to the original one). Therefore we can assume that the r 1 th row of P consists of zeroes and ones. Thus each of p r 1`1 (b) in (2) is equal to 1 (it cannot be equal to 0 because otherwise (1; ab; 4) would be equal to 0). Therefore we have f(a)g(b) = h(ab) and we can complete the proof in the same way as above.
The lemma is proved.
Proof of Proposition 2.1. Let A be any nite symmetric partial group. If A is embeddable in a group G from V then some extension A 0 of rank 2 and some extension A 00 of rank 3 is embedded in G. Then by Lemma 2.2, S 1 and S 2 are embeddable in B 3 (G) and S 3 is embeddable in B 4 (G).
On the other hand suppose that A is not embeddable in a group from V. Then by Lemma 2.3, S 1 and S 3 are not embeddable in a direct product of completely 0-simple semigroups over groups from V and S 2 is not embeddable in a direct product of Brandt semigroups over groups from V.
Since the problem of whether a nite symmetric partial group is embeddable in a group from V is undecidable, we conclude that every set of nite semigroups mentioned in Proposition 2.1 is not recursive.
The Then it is easy to check that the pair ( ; ) is admissible. It is also easy to check that the following formula ( ; ) holds in G:
( ; ) * ) 9 x 2S= ;y 2S= ;xy6 =0 p x y 9 x2S;x6 =0 g(x) V x;y2S;xy6 =0 g(x)p x y g(y) = g(xy)^V x;y2S;x =y ;x =y ;x6 =y g(x) 6 = g(y):
Now suppose that the formula ( ; ) holds in a group G for some admissible pair ( ; ). Let be a symbol which does not belong to S= or S= . Let L = S= f g if S has a non-zero element x such that xy = 0 for every y 2 S otherwise let L = S= . Let R = S= f g if S has a non-zero element x such that yx = 0 for every y 2 S otherwise let R = S= . Consider the following R L-matrix Q: Since the pair ( ; ) is admissible x = (xy) ; (xy) = y for every x; y 2 S such that xy 6 = 0. This implies that (xy) = (x) (y) for every x; y 2 S, xy 6 = 0. If xy = 0 then by the de nition of Q we have that q x y = 0 so (x) (y) = 0 = (xy). Thus is a homomorphism. Since for every x; y 2 S, where x 6 = y either x 6 = y or x 6 = y or g(x) 6 = g(y), this map is one-to-one. Therefore is an embedding of S into the completely 0-simple semigroup M 0 (G; L; R; Q). Thus a nite semigroup S is embeddable into a completely 0-simple semigroup over a group from V if and only if for some admissible pair of equivalences ; the formula ( ; ) holds in some group of V. Notice that the negation of formula ( ; ) is a universal formula, so we can algorithmically check whether or not ( ; ) holds in V. This gives us an algorithm to check whether or not S is a subsemigroup of a completely 0-simple semigroup over a group from V and proves conditions 2 and 4 of Theorem 1.3.
In order to check whether or not a nite semigroup S is a subsemigroup of a direct product of completely 0-simple semigroups over groups from V it is enough to check for every pair of distinct elements a; b and every congruence on S such that (a; b) 6 2 whether or not S= is embeddable in a completely 0-simple semigroup. Since S is nite there are only nitely many triples (a; b; ) to check. This proves condition 6 of Theorem 1.3. Now let us x natural numbers m and n and consider an embedding : x ! (`(x); g(x); r(x)) of S in a completely 0-simple semigroup M 0 (G; m; n; P). Then the relations and de ned as above form an admissible pair and jS= j m; jS= j n. Suppose that S contains an element x 6 = 0 such that xy = 0 for every y 2 S. Then p r(x)`(y) = 0 for every y 6 = 0 from S. Therefore L contains an element which is not equal to`(y) for any y 2 S. Thus jS= j m ? 1. Similarly, if S contains an element x such that yx = 0 for every y 2 S then jS= j n ? 1. As above the formula ( ; ) holds in the group G.
On the other hand let ( ; ) be an admissible pair of equivalence relations on S. Suppose that (a) jS= j m if for every x 2 S; x 6 = 0 there exists y 2 S such that xy 6 = 0 or jS= j m ? 1 otherwise; (b) jS= j n if for every x 2 S; x 6 = 0 there exists y 2 S such that yx 6 = 0 or jS= j n ? 1 otherwise; Then construct the sets L and R and the R L-matrix Q as above. As before, the semigroup M 0 (G; L; R; Q) is completely 0-simple and S is embeddable in this semigroup.
Notice that by de nition jLj m, jRj n.
Therefore a semigroup S is embeddable in a completely 0-simple semigroup over a group from V if and only if there exists a pair of admissible equivalence relations ( ; ) on S satisfying the conditions (a) and (b) and such that the formula ( ; ) holds in a group of V.
A semigroup S is embeddable in a direct product of m n completely 0-simple semigroups over groups from V if and only if for every pair of distinct elements (a; b) in S there exists a congruence on S such that S= is embeddable in an m n completely 0-simple semigroup over groups from V.
This proves conditions 8, 10 and 12 of Theorem 1.3. In order to deal with Brandt semigroups, instead of arbitrary completely 0-simple semigroups we have to change the de nition of an admissible pair of equivalence relations. We shall call a pair ( ; ) admissible if 1. (x; xy) 2 for every x; y 2 S provided xy 6 = 0; 2. (x; yx) 2 for every x; y 2 S provided yx 6 = 0; 3. for every x; y; z; t 2 S if (x; z) 2 , (y; t) 2 and xy = 0 then zt = 0; 4. xy 6 = 0 and xz 6 = 0 implies (y; z) 2 ; 5. xy 6 = 0 and zy 6 = 0 implies (x; z) 2 .
The rst three of these conditions are the same as above and the reason for the other two conditions is that a Brandt semigroup has an identity matrix: it has exactly one non-zero element in each column and in each row. We need to use the following new de nition of the formula ( ; ):
( ; ) * ) 9 x2S;x6 =0 g(x) V x;y2S;xy6 =0 g(x)g(y) = g(xy)^V x;y2S;x =y ;x =y ;x6 =y g(x) 6 = g(y):
We also need to change the de nition of the sets L; R and the matrix Q. In order to prove conditions 3, 5, 7, 9, 11 and 13, one has to almost literally repeat the above arguments replacing the old de nitions by the new ones and we leave this to the reader as an exercise. This completes the proof of Theorem 1.3.
We have seen that embeddability of 4-nilpotent semigroups in completely 0-simple semigroups is undecidable; now it will be shown that the opposite is the case for 3-nilpotent semigroups. 3 Pseudovarieties generated by 0-simple semigroups It is convenient to prove many of the following results for varieties of semigroups and to then derive the analagous pseudovariety results. A bold capital V will always denote a variety. A script capital V denotes a pseudovariety of semigroups.
Let us denote by CS 0 ; CS; B; SG;LSG; G; Sl; RZ and T ; respectively the semigroup pseudovarieties generated by nite 0-simple semigroups, completely simple semigroups, Brandt semigroups, semilattices of groups, local semilattices of groups, groups, semilattices, right zero semigroups and trivial semigroups. Recall that a semigroup is a semilattice of groups if it is a union of groups and its idempotents commute. A semigroup S is a local semilattice of groups if eSe is a semilattice of groups for each idempotent e of S.
A variety of groups H is said to have exponent n 1 if x n = 1 is an identity for H. If H has no nite exponent we say H has exponent 0. Likewise for pseudovarieties.
For n 1 let G n be the variety of all groups of exponent n and let G n be the pseudovariety of all nite groups of exponent n. We write G 1 = T and G 1 = T :
The aim now is to prove Theorem 1.5. We present two quite di erent proofs that CS 0 (V) has decidable membership when the pseudovariety V has decidable membership. This is because from one of the proofs we obtain sequences of identities that ultimately Hence (4) is a consequence of (3).
Conversely from (4) xyx (zx) It remains to prove that S= a and S= a are completely 0-simple semigroups. We will check this for S= a where a 6 = 0: By de nition a contains the Rees congruence modulo I a : Hence we may assume I a = f0g or I a is empty. Then SaS = K a is a 0-minimal ideal of S and hence is a completely 0-simple semigroup. Therefore SaS= a is a completely 0-simple semigroup and in order to complete the proof we need only prove that for each x 2 S there exists y 2 SaS such that (x; y) 2 a : Now suppose x 2 S; without loss of generality we may assume x = 2 SaS: Since x = 2 I a then a = pxq for some p; q 2 S 1 and therefore a = pxqa 0 pxq: Put w = qa 0 p; then w 2 SaS and xwx 6 = 0: Let t 2 SaS and t 6 = 0: Since SaS is completely 0-simple then t = uxwxv for some u; v 2 SaS: Now, applying the identities (3) we get xt = xuxwxv = xu (xw) n+1 xv = xux (wx) n wxv = x (wx) n uxwxv = (xw) n xt:
Thus (x; (xw) n x) 2 a : Since (xw) n x 2 SaS the Lemma is proved.
We can now prove Mashevitzky's result. Proposition 3.3 . Let G n be the variety of all groups of exponent n 1: Then CS 0 (G n ) has (3) (or (4)) for a basis of identities.
Proof. In in nite set X, where x 1 ; x 2 ; :::; x n 2 X are the variables that appear in u. Then de ne u n = u (x n x 1 x n ; x n x 2 x n ; :::; x n x m x n ) for some x 2 Xn fx 1 ; x 2 ; :::; x m g and n 1:
In a variety of groups H of exponent n 1; identities of a basis of identities can be expressed in the form v = 1 where v is a word from F(X): Mashevitzky However, Eilenberg and Sch utzenberger, in 4], have shown that every pseudovariety V of semigroups is ultimately de ned by identities in the sense that there is a sequence of identities (u i = v i ) i 1 over F (X) such that S 2 V if and only if S satis es the identity u i = v i for all su ciently large i. It is usual to denote the sequence u n! n 1 by u ! for any u 2 F(X): Then, for example, G n is de ned by x ! y = y; yx ! = y; that is, the sequence x n! y = y; yx n! = y n 1 ultimately de nes G n :
A variety of algebras is called locally nite if and only if each of its nitely generated members is nite. A variety that is generated by a nite set of nite algebras is locally ; (xy) !+1 x = xyx; xyx (zx) ! = x (zx) ! yx: (6) (ii) For any n 1, CS 0 (G n ) is de ned by x n+2 = x 2 ; (xy) n+1 x = xyx; xyx (zx) n = x (zx) n yx: (7) Proof. 
(ii) For any n 1; B (G n ) is de ned by x n+2 = x 2 ; (xy) n+1 x = xyx; x n y n = y n x n : (9) Proof. This theorem can be proved by the proof of Theorem 3.6(i) and (ii) with suitable (minor) modi cations. The argument used to prove Corollary 3.5 also proves the next result. The decidability part of Theorem 1.5 is a combination of Corollaries 3.8 and 3.12 and is therefore proved. The complexity part of this theorem follows from the easy facts that one can check if a nite semigroup unltimately satis es identities (5) or (8) in polynomial time and that the problem of nding maximal subgroups of a nite semigroup given by its multiplication table is solvable in polynomial time.
Let us now consider decompositions of CS 0 (H) for a variety of groups H and the analogous pseudovariety decompositions via joins and semidirect products. CS(H) is the variety generated by completely simple semigroups over groups from H. for all r 1 ; r 2 2 R, s 1 ; s 2 2 S: The wreath product R wr S is the semidirect product R S S of the cartesian power R S by S, with the action such that for any s; t 2 S and 2 R S then t (s) = (st) : Recall that 2 R S means that : S ! R is a map and if, as well, 2 R S and s 2 S then ( ) (s) = (s) (s) : For varieties of semigroups U and V de ne U V to be the variety generated by fU V ; U 2 U and V 2 Vg. Of course U wr V 2 U V; in fact U V is generated by U wr V for all U 2 U; V 2 V (see 1]): We also use the analogous notions for pseudovarieties. : (E G) wr R ! E wr R; ( ; r) = ( E ; r) : (E G) wr R ! G wr R; ( ; r) = ( G ; r) : Observe that for ; 2 (E G) R and r; t 2 R we have rt = t and ( t ) (r) = (r) t (r) = (r) (t) = ( E (r) ; G (r)) ( E (t) ; G (t)) = ( E (r) E (t) ; G (r) G (t)) = (( E t E ) (r) ; ( G t G ) (r)) :
It follows easily that and are homomorphisms. As well, for distinct ( ; r) ; ( ; t) 2 (E G) wr R, either ( ; r) 6 = ( ; t) or ( ; r) 6 = ( ; t) : Hence (E G) wr R is a subdirect product of E wr R by G wr R. We have shown that (E G) wr R 2 (Sl RZ) _ ( Alternative proof for Corollary 3.8.
A semigroupoid C is de ned in the same way a category is, except that each hom set, hom(a; a) ; from an object a to itself is a semigroup rather than a monoid; hom(a; a) is the local semigroup at a. Each semigroup is the hom set of some one object semigroupoid; we can therefore think of semigroups as being one object semigroupoids. A pseudovariety of semigroups V is local if every semigroupoid C whose local semigroups are in V divides a member of V; that is, if for each C there is a semigroupoid D, V 2 V and functors : D ! C; : D ! V such that is bijective on objects and surjective on hom sets, while is injective on hom sets.
We rst check that SG (H) is local. Let M be the pseudovariety of all monoids. By 6: Corollary 8.2], SG (H) \M is local. Any semigroupoid D extends to a category C 1 by the adjoining of an identity to each hom set hom(a; a) of C. Suppose C has its local semigroups in SG (H) 
